Homework Assignments

Set Theory
p.1251-11 odd, 17-27 odd, 31, 31
p. 136 3, 5-11*%, 13*, 15a, 16*, 18*, 21-25* odd, 27-31* odd, 37-41 odd, 47-53 odd
. *(prove elementwise)
Set Theory Supplement problems
Note: solutions to even numbered problems and solutions p.136 39, 41 included in supplement

Relations
p. 581 1-17 odd, 27, 31, 35, 49-53 odd
(complete solutions to #7 in supplemental relations)
p. 6151, 3, 11-150dd, 23, 31, 37-45 odd
Relations Supplement problems (solutions p. 581, 7 and p. 616, 30, 32 included)

Functions
p.1521,3,11-15 odd, 23, 31, 37-45 odd
p.1671,3,9, 11a, 31, 43
Function Supplement problems (solutions p.154 30, 31 included)

Cardinality
p.1761,3,1517,27,29 .
Cardinality Supplement problems

Logic
p. 12 1-13 odd, 15 a,b,c 19-37 odd, 43
p. 34 1-33 odd
p. 53 1-19 odd, 23 (Universe — students in class), 25, 33
p. 66 27 a-h, 31 a-c, 33,37 b,c
Logic Supplement problems

Induction and Recursion
p. 329 5-15 odd, 21-25 odd, 41-45 odd
p. 357 1-13 odd, 27 a,c 33
Induction and Recursion Supplement problems

Combinatorics
p. 396 1-15 odd, 25-35 odd
p.405 1,3,9, 31-35 odd
p.413 1-27 odd, 31, 33
p.4211-9 odd, 23
Combinatorics Supplement problems




Graph Theory
p. 649 39
p665 1,2,5,7,8,354,b 43
p. 675 5- 8 13-15, 19-21, 35-37, 41, 42, 61-63
p.6891,3
p. 703 1-6, 13-15
p. 725 5-7
p. 732 39
p.755 1
p7837,10,13,17 8, b 23, 24
Graph Supplement problems
Note: solutions to even numbered problems on suppiement

Boolean Algebra

p.818 5.

p8221,3

p 827 1.8

p.841 3, 6a,b, ¢*, 7, 12

*For 6¢, use (X ,y,z)=Fyz+ X+ENJ+Z)
Boeoleat algebra Supplement problems
- Note: solutions to even numbered probleins on supplement



Set Theory Supplement Problems

Prove for all set 4, B, C

1. 8) ANA=D

2. NIfACH

B) AUZ =U

then BC A

DY IHFCA then AGB

3. If ACH then A~(l‘$ﬂA)=A

4 If ANB=0 then A-(BNA)=@

5  (ANB)xC=(4xC)N(BXC)

6. (AUB)xCu(AxC)U(BxC)

Solutions

1. a)Assumie ANA=D Thenthereisa yEANA = y&Aand y&EA
Contradiction

D) AEAUR 2B, xEAor xEA 2l xEU

2, @) XED s xEB AL, AEA n XEA

b)xEA-—»-e- xEA —~ELd . P — xEB

3. A~(BNA)

thm-A=Be ANE
De Morgans

thm & = A
Distributive law

Lemma ANA =@

Lemma AU = A
If AC B then
AMNB= A

4. A~(BN4)

thm A=B=ANE
De Morgans

thim A = A
Distributive law

 Lemma ANA =

Lemma AU = A
Assumption




5 (%)) E(ANB)XC «dilis xEANBand yEC -4lls G Aand xEBond yEC
e (xEAmd yEC)and (xEB and y € C) L2 (x,y) & AxC and

(1,) € BxC «2lls (x,y)E(AXC)N(BXC)

6 () E(AUB)XC -t x€ AUBand y&C s x&Aor x€Band y&C
ey (r&Aund y&EC) or (x& B and yGC) s (x,y)EAXC 01 (1,y)EBXC

s (x, y)E (AxC‘) (BxC)
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6. ADICEAVUD s xEL4 00 X ED s xEA

D) xEANY «0s xEAdand xEU definligrse o v A

8, @) XCAUA oy YCAxEA oms xEA

B xEANA s xEAaNd XxEA o> xEA

1. ) xE€A-00 ¥ xEAad xED s xEA (Al x&E D)

b)Assmne J-Aw Thenthereisa yED~A ~ y&EJand y(;“:‘A

Contradiction

16, a)xEANB - xEA and XEB - xE€A

bYr&EA - xCAor XEB —» xEAUB

XEA-B - xEA aﬂdx%B ~—> Jﬁ&?A

dy AN (B-4)

AN(BNA) thm A=B=ANE
AN{An3) Commmutative Law
(AnA)NB Associative Law
SNB Lemma ANA =@

& Lemma AN =)

e) AU(B~-A)
AU(BNA)
(AUB)N(AUA)
(AuB)NU
AUB

thii A-B=ANE
Distributive Law

Lemma AUA =U
Lemma ANUw A



18.

39.

41.

a) x E(AUB) —Hs x& A or ¥EB = xEAorxEBor x&EC Y,
x&AUBUC

P XEANBNC Dy xEAmd xEBand xEC = AGAand xEB D,
X€EANB

¢) XE(AwB)~C —llos xEA-B and ¥ ¢ C —s (xE 4 snd 2 ¢ B) and
x@EC = x€EAand x¢ -y ¥xEA-C

d) Assume (A- C) (C~B)» . Then therois a y & (A= C)N(C ~B) by

YEA-Coand yEC=B s (y&Aand y#C)and (yEC and y @A) =»
y&C and y&C contradiction.

&) (B=AYU(C~A)

(BnA)u(cnA) thm A~B=ANE
(BUC)NA. Distributive law
(BUC)-4 © thm A-B=ANB

H A@B=A thon B=@

Proof:'Assume Bwu(@ thenthereisa bER
Bither b€ A or bf A

I beEA—"sb&A®B=A Contradiction
If b A——bEA®B=A Contradiction * definition of @

Proof by contradiction. Assumee ACB
Then there isa y € A and y & B,

say yEC—LsyEBOC——>yEADC Contradiction
(vedand y&C)

say yQtC—-‘--—w*yGAOC—»MyGBQC Contradiction
(yéB and y¢C)

*dssumption

- This proves AG B

To prove BG A, interchange A's & B's in proof



2.

3

5

Relations supplementary problems

Let R and R, be relations on A
Prove (RUR,)" =R UR;'

If R, is transitive on A and R, is transitive on A, must R, U R, be transitive on A? must
R NR, be trangitive on A?

Prove if B, is symmetric on A and R, is symmetric on A then R UR, and R, MR, ae
syminetric on A.

Prove if R is antisymmotric on A then RNR™ G D where D={(a.a) |a& A}

Which of the following describe equivalence relations. Either specifies which properties
fail or list the equivalence classes,

a) A= get of straight lines in the plane :

LR L,if L and L, are perpendicular

b) A= set of Amerioans hvmg in 50 states:

P R P, if P and P, live in the same state (only one residency allowed)

¢) A={012..}

Re={(m,n) Im2 = n” mod 3}




2,

4,

Solutions relations

(xy)& (R, UR,)" etla(y,x) € R UR, <y, x) € R, of (,5) ER,
(2 V) E R or (x,))E Ry «—HLo(xy)ERTUR]

R, U R, ig not necessarily transitive: Counterexample:

A={12,3] Ry = {(L,(1,2),(21)(2,2)} s trangitive on A
R, ={(2,2),(2,3),(3,2),(3,3)} is transitive on A

but R UR, is not transitive on A: (L,2)&ERUR, (2,3)€RUR,
: . but (1,3)# R UR,

R N R, is transitive on A: Proof
(%Y)ERNR, and (y,2) & B NR, —LDo (xy)ER,, and (y,2) ER,
and (x,y) € R, and (y,z) € R, —22(x,2) &R and (x,2) E R,

(R Rapns)
—PI0 (xR MR,

(n) {and)
(x)ERUR =>(xy)ER o (1y)ER,

{and) ("
s (y ) E R, or (y,X)E Ry = (1,X) ERUR,

(R,-Rm'{,)

(x,)}) & RN R"’ ___Q.‘E.’.Q....,.(x,y) & R and (x,y) & Rnl

—D sk, yYE R and (y,x) € R

Ass sxmy defD 5(1‘;}')6[)
{Rantisyn)

) Not reflexive, not transitive

b) Each equivalence class consist of Americans living in the same state, (50 clagses)

¢) Reflexive (x,x) & R for all x € A since x* ~x* «0=3%x0

Symmetric If (x,y) € Rthen x* - y* =3k, kEZ = p* - 4 = 3(=k) = (y,x) ER




Transitive If (x,y)E R and (y,2) € R then
K2y By, yPeg? w3k, kky € Z=>
xt ezt w3k + Ky = (%,2) ER

Two equivalence olasses; [0]={0,3,6,9.. 1[1] = {1.2,4,5,7,8,..}
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7. a) Not reflexive | R1 since 1=1
Irrefloxive xRx since x=x fmallx&€Z
Symmetrio If xRy => xw»y then yw x=> yRx
Not antisymmetric I R2and2 R 1
Not feansitive 1 R2and2 R1butl &1

b) Not reflexive 0 R 0 since 0.0 1
Not irreflexive 1 R 1since 1.1 = 1
- Symmseiric If xy =1 then yx =1
" Not antisymmetric 1R2 and 2R 1
" Transitive If xy =1 and yz=1 then either
©%y,.z zlor x,y,25~180 xz &1 in either case,

©) Not reflexive 1el+1or [wl-1g0 1R 1
Irreflexive x R x forall xmx41or xex-~1
Symmetric If xRy then xmy+lor xmy~lthen ymx=lorymx+lor yR x
Not antisymmetric 1R2and 2R 1
Not transitive IR2and 2R1butl R 1
orlR2and 2R3butl R3

d) Reflexive x R x forall x € z since x - x =7 xO

Not fsreflexive 1.R 1 ' '

Symmetric if x Ry then x~y =7z forsome 2 E Z
Then y~x=7(~z) so yR x forall x, y,EZ

Not antisymmetric | K8 8R | '

Trangitive If x R y and vy R z then x -y =7z, and
y -z =Tz, for some 2,2, € Z then
x-zelz+z,) 0t xRz forall x,0y, ¢ EZ

o) Reflexive x R x forall x & Z since x = x (1)
Not irreflexive 1R 1
Not symmetric4 R2 4=2z but 2 R4
Not antisymmetric 5 8 -5 and -5R 5 but Su~5




Transitive If x Ry and y Rz then x =y z and y=zx2,
Fot some 2,2z, € Z then x =(22,)2 = 2(2,2,)
or xRz forall x,y,2 €Z

f) Reflexive x R x forall x € Z(x elther negatwe of non negative)
Not irreflexive 1 R 1
Symmettic If x R y, x or y both negative ot non negauve, soy R x
Not antisymmelric 1 R2and2 R 1
Trensitive If x R y and y R z then x, » all negative,
01 all non negative so x R z

g) Not reflexive 2w 2% =4 50 (22) &R
Not treflexive (1,1) & R since 1=1*
Not symmetric (4,2) € R since 4 =2 but (2,4) ¢ R since 2w 4°
Antisymmetric If (x,y) € R then x=3y*=y andif (y,x) ER
then y=x"2x80 x2y A yzxthen x=y
' Not transitive 16 R4 (16=4%), 4R 2 (4=2") but 16K2 16%2*

1) Not reflexive (2,2)¢¢ R 2#2°
Not irreflexive (1) &R 1=1°
. Not symmetric (4,2)ER 4=2% but 2 aé 4% 50 (2,4)& R
Antisymmetric I (x,y )E Rthen x2y*=y
"~ And (px)€Rso yrxPzxthon x=y forall x,y €2
Transitive If (£,y) € R and (y.2) € R
Then x = yPandy = z° (since y* = y)
xzy’zyeziso x=gor (02)ER forall %,y 2EZ

Pots”
30. [010] = {010,0101,0100,01010,01011,01001,01000,..}

[1011] = {101,1011,1010,..}
[11111] = {114,1110,1111,11100,11101,..}
[01010101] same as [010]
20 [pic)s Lotssoos, s100 o1, Coooy cvsl; . 3
"B Douds Lren niy 1000 1011, (110, 111, o

(111173 = Seme dsb)
Teio jo101]® Seume. as G/




Functions Supplement Problem

For each function below, prové whether the function is one-to-one, onfo, neither or a bijection,

1, fi R-2, J(x)=[x] (Greater integer less than or equal to x)
2. g:N-a-N g(x)=2x
" R ..,l ‘ . Positive P lis3a. T
3 hiQ >0 W) x Q Rationals {234}
. o N={0123,.}
4', giPxP—Q g((a,b)) - 2o {32 00230}
L, Q = Rationals
5,  fiZxZ- Z | F((ab))=a+b R rouls
6. fIN—N, Ny = {1,3,5,7,.)} F(n) w2m+1
‘ 0 ifnis prime
7 P N - {01} Q) {1 “if n s (nof) prime
8  kiR—R fe(x) = |
Selected Answers
Page {J§2)

Yo, @) y€f(SUT) e y=f(x)EF(SUT) e xESUT®XES or xET
@ f(x)€ f(S) or f(x)& f(I)e f(x)EF(S) U £(T)

b) .yef(SﬁT)@yuf(x)ef(Sﬂ'I’)@xéSﬁT@xES and xET
= f(x)€ () and f(x)€ F(1) e F(x)& F(S) N ()

~ Arrow doesn’t
Always reverse
Sesdt 4] neckpge



44 Define f1A—~B  A={123}  B={ab)

R

W A
® o R

Let S={12} T={3}
SNT=@, f(SNT)=

But f(S)={ab}, f(1)={a}.
So f($)N £(r)={a}
f(snT)=BC £(5)N £(1)={a}
So a@ F(5)N F(T) but NO x € SNT with f(x)=a




2.

5

~Onto;  Given > ¢ & Q" CQ and h( )

Solutions (Functions Supplement Problems)

Not one-to-one: '  f(2)= F(238)=2
Onto: Given=> z€Z, z&ER and  f(2)=z

One-To-One
Lot x, w x, => 2, #2x, => g(%,) » g(%,) ,
Not Onto:  1,3,5 ,... (all odd natural numbers) have no pre-images

One-To-One BIJECTION

‘ 11
Lot 2y => = = = Iz(xl) w h(x,)

»le—‘{f—'
’-Q

Not one-to-one  £{(8,2)) = g{(41))

Onto: Given=> ¢&€ Q' \q= -Sl- ‘Where p,,p, € P (Definition of rational)
3

S0 (pppa) @ P xP and g{(ppy)) = £l =g
2
Not one-to-one  f{(2.2))= f{(4,0)) = 4

Onto: Given > z&Z, (z,0)€ZxZ and f((20)) =2

One-To-One BIJECTION
Lot 5, 8, => 25, + 1w 25, +1 =5 f{s5) = £(s,)
Onto: Given => n, &€ N,, i, w2n+1 for some n &N
. (Definition of odd integer)

So n";l € N and f(ﬁ‘l-zﬂ)mno

Not one-to-one p(2)=p(3)=0
Onto: p(2)=0, p(4) =l
Not one-to-one F{1) = k(1) =1

Not Onto  Negative Numbers have no pre-images




1.

Cardinality Supplement Problems

Determine the cardinality of the following sets, (Use “unaccountably infinite” for sets not
having cardinality N, )

2) {Vn ne N}

b) {* +2 Je& 2}
{—\/mllsnsloo nEN} -

& {u* pen}

¢) {njn =0 mod5, n& 2}
) {nln =0 mod10, n € N}

9){d-25s2550, 2€2}

h)y ZxZ
D{fosr=l,rer}

Prove the intetval (0,+%) is unaccountably infinite by showing £ :R~» (0,3),
f(x)=¢" is bijection,

Prove the set of all sequences of 0's and 1’8 is unaccountably infinite, using Cantor’s

diagonal argument.

Prove if S and T are countable then S x 7" is countable,

Prove if |5] = [1{ then |P(S)|= |P()), for all sets 5,7
Hint: Find a bijection g: P(S)-> P(T)



Solution Cardinality supplemental problems

1. a) N, the st can be enumerated: {O,ﬁ W23 ,}
| b) Ny, subsets of countable sots (Z) are countable

¢) 100, set is finite {«/T,x/i,...,«/mo}l

d) N, the set can be enumerated {0,1,4,9,16,..}

- or subsets of countable sets (N) are countable
6) Ny, the set can be enumerated {0,5,-5,10,-10,..}

or subsets of countable sets (Z) are countable
£) Ny, the set can be enumerated {0,10,20,30,...} or subset of countable sets (V) are

countable

g) 76, finlte set {~25,~24..,0,,...50}

1) No, If Sand T are countable (= T'= Z) then § x T' is countable,
i) Unaccountably infinite (Use Cantor’s diagonal argument)

2. fiR= (o), f(x)=e"

Function is one-to-one Function is onto

Let x, o X, : given r& (o,40), Inr &R
Then e® me™ and- f(Inr) =" = r

So f(xl) o f(xz)

Since £ is a bijection, cardinality of Reals equals cardinality of (a,+00). Since card;mahty
of Reals is unaccountably infinite, so is (0,+),

3,  Assume the set of all sequences of 0°s and 1°s can be enumerated: S,,Sz, wSppne
List the values of each sequence: :
§,=5,(1h51(2);-» 5, (),
Sy = 8,{1),85,(2 ),...',Sz(n),... S,(f) = jth value of
' sequence

Sn = S,,(1),5,,:(2),...,3,‘(71),“. S,(j)E{U,l}




Define § = §{(1,5(2)S(n). by:

(¢ 'S,(i)asl —e
S(#) {1 §(1) =0 fori=1,2,3 ..

S 1s a sequonce of 0’s and 1’s and should be equal to one of the sequences on the list
SuSyrraSype - However, § w5, for 1 w1,2... because 5{n) w8, (1)

(they differ at the n" value)
This contradicts the assumption that the set can be enumerated, Hence, the set of all

sequences of 0°s and 1’s is unaccountably infinite.

4. SinceS is countable, Sx{¢} is countable for t & T (f 15 ~»Sx{t} by f(s)=(ss) isn
bijection) ‘ : :
Then SxT"=USx{t} is a countable union
tET .
(T is countable index) of countable sets (Sx{t} is countable), By theotem, the countable
union of countable sets is countable,

5, Since 8 and 1" have the same cardinality, thege is a bijection f between S and T

Defiie a fanction g P(S) - P(T) by
8(4)={f(a) e a}= f(4)

Prove g is a bijection:

One-to-one : Onto
Say A w A,, Ayd, € P(S) : Take X & P(T)
Thereisan ¢ € A, a & A, f“(X)m{f"(x)]xEX} is
But f(a) € f(4) and fla) & f(A,) an element of P(S)
(since £ is 1:1) ' g(r(x)) ={ e x} X

So g(4,) = g(4,) ’ o f!(X) is a preimage of X
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Review Exam 1

Consider the set A= {{1,2,3}},{4,5},{6,’7,8}}

Determine whether each of the following ls true or false
1€ A m{{ashfca  o{izsfca ) o¢EA
e) {6,7,8} € A

Answor true or false

8)  Forany set 4,4 C P(4)
by QG A,forallsets A

o 1&{{ihb2}
dy {12} € P(A) where A={1,2,3,4,5}

o {L}C{{1}a2}
Given A={a,bc,de} B={abdf.g} C={becaghl D={berf.sh}

8) B-(CUD)  b) AN(BUD) o) Ax(B-D) d) P(A~(BNC))

Prove (AN B)U[ANC)U(ANB) = (AUB)N(AU(CNE))
Let A,B be any sets

A)  Prove A=(A~B)U(ANE)
b)  Proveif ACH then ANE =

For each function below, decide whether it is one-to-ons, onto, both or neither,
Prove your result.

@) fIN-N  f(n)=2n+1
b) g:ZXZ"‘*"Z . g(zlyzz)”z;“‘ZZ
) hiZ—=Z h(z) = 2"

d k:R~R k(r)=r®
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8.

10.

11,

' 120

Decide whether each of the following relations ave reflexive, inreflexive,
symmeiric, antisymmetric and/ or transitive, Prove or disprove result,

AmN ={002,.}

8) . R= {(x;y)]xy wntn & N}

B Re={(xy)x>y)

Given a set A, define & relation on P(A):

R={(X.Y)|R =¥} dnswerasin(7)

Define a relation R on Z, R= {(x, y)]x &y modS} ,
Prove this is an equivalence relation and determine the equivalence classes,

For R arelation on'A, prove

) If R is reflexive, then so is R
b) If R is syminetric, then so is R
c) If R is transitive, then so is R

Use Cantor’s diagonal argument to show that the set of sequences of 1°s, 2°s and
3’s is unaccountably infinite,

Determine the cardinality of the following sets (use “unaccountably infinite” for
infinite sets not of cardinality No)

8) {\/ﬁln € N} e){o<rsl, rer)
b){z’+z|z€.z} DExQ
¢) {n| 50=n, nE N} g) {set of sequences of I's and 2's)
d) {f] 2% ~22=0, z& 2} h) NxR

State Theorems

i) R=P




L

6,

Solution Review Exam 1 (pl‘oblems)

DF BT O T d)T T
O F by T O ¥ &T &) F
a) {a.d} v){a,b,de}

) {aedbdbdloa i@
d) {@,{a},{c},{d},{e},{_a,c},{a,d},{a,e},{c,d},{c,e},{d,e},{a,c,d},{a,o,e},

{adel{edel{acid, e}}

(AnBUfANC)U[EnE) = (Ahgﬁtzgﬁl(véum)

DeMorgan DeMorgan
" (ANB)N(AN(CUE) "~ (AUB)n(ZU(CUE))

. DoubleComp,DeMorgan
T (AUB)n(au(CnBE))

Phin A=puaAE Disirttitive Lenmn

- 2)(A-B) U (ANB)= (ANB) U (ANB)= AN(BUB)= ANU= A

b) Assume yEAND = y&Aand y& B = y&EAand y& B |
this contradicts the assumption AC B

o) s 1:1 Tf s 0, => 23, 4 130 20, 4 1= () f(,)
fig not onto: 0,2,... have no preimage

Wgisnot 1i1 g(2,1) = g(3,2)
¢ is onto, Given 2& Z, (2,0) & Zx Z and g(z,0)=

¢) his not 1:1, A(2)= h(~2) =4
h is not onto, Negative integers, 2,3,5,6,7,... have no preimages.

Dkis il fw2, =P ur z::k(f‘)nsk(rz)

1
kxs onto, given r € R, r‘ EER and f( 3) o p
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8.

B R {1419 (221(28).(3,3) (41, (44)(49)..}
Reflexive: (x,x) & R forall x € N since x x x = x>
Not Ireflexive: (L1) & R :
Symmetric Jf (x,y) € R then xy = n® or yx=n’or (y,x)ER
forall x, yEN, nEN :
Not Antisymmetric (L,4) &R (4,1) &R
Transitive If (x,9) € R and (y,2) € R then xxy = n?, yxzmi,’
1

Then xxg= (-}%ﬁ)

Note, bhey (Proof by contradiction) a b = a does not divide b
y ,

Say y 4 nn, then y*  (nyn, )" which contradicts xz = ( 2;2) anN’

‘b) R={2D,(3).(3.2)+(41).(4,2)..}

Not reflexive (L1) ¢ R

Trreflexive (x,) ¢ R for all x € N sinoe x # x

Not Symmetic (2,1)ER, 2>1but (L2)ER 142

Antisymmetrio Impossible to have (x,y) & R and (y,x) € R since x> y
and y > x impossible for x,y €N

Transitive If x,y € R and (y,x) € R then x>y and y >z implies x >72
or (x2) ER '

Not reflexive X = X for any set X E-E P(4)
for example A ={a,b} P(A) ={&{a}{t},{a.b}}
{a} {4} s0 {a} K {a}
Tirofloxive X X for all X € P(A),s0 XRX
Symmetric If X =¥ then X =¥ or ¥ X
Not Antisymmetric {a} R {b} and {b} R{a} but {a} = {b}
Not transitive {a} R {b}, {6} R{a} but {a} R{d}

X Rx gince x~x=0m5x0

IfxRy, x-y=5k, y-xw=5(-k)or yRx (k&z)

IfXRy, YRz, x—=y =5k, y—z=5,, then x~z=5{k +k,)
ke, € Z, ‘

[0]={..,~5,0510,.}  [t]={~4L611.}  [2]={.,~32,7..}

[3]5{.‘.”2,3,8.13...} [4]={.\~1,4,914,.}




10. ) Forall x€ 4, (1) &R=(x3)ER" (Def of R')
' b) (%)) & R8sy, 7) € R—EMs(1,y) & R By, x) € R
o) (x,y) € R and (y,2) € R s (y,2) € R and (2.7) ER
— Lty (7, x)E R ety (3,2) G R

11, Assume the set of all sequences of 1’s, 2’s and '3 & can be enumerated
38g300s Sy Where

5, = (18,2} 8, (1)
Sy 5 Sy(DhS5 (s, (oo , §,(f) = j"element of S,

s(Hef{Las}
nS (1) n( ) (n)' '
Define § = S(1),5(2),...8(n).. by
(- ;zﬁfs,k(;)(:- i for 1= 1,20

This is a sequence of 1%5,2’s and 3’8 and should be on the list of sequences
815835009854 ,

however, § » §, for nm1,2,... because S(n)w S, (r) (the ™ value of $,

there fore the set of all gequences of 1°s,2’s and 3’ s cannot be enumerated and is

.mcountably infinite,

12,  a)No {«/T,«/’z‘,...} set can be enumerated

b) No {0,2,6,..} set can be enumeratod

¢) No {50,51,52,...} set can be enumerated

d)2

¢) Uncountably infinite (Cantor’s diagonal argument)

) No If 8 and T ate countable then S x T' s countable

8) Uncountably infinite ( Cantor’s diagonal argument)

h) Uncountably infinite IR & {0} x IRC N x IR
If A is uncountably infinite and A Q B then B is
uncountably infinite

i) Uncouniably infinite If A is uncountably mf“ nite and B is countable then A~ B

i vncoutably infinite




Logic Supplementary Problems

L Determine whether the following argumenis are valid or invalid. Give
covnterexample or prove validity with a truth table. ’

B s by p=(rs) ¢y
P8 Tr—Tp p—rq

AN P ' 427
LSV o8 ~p

p=q
q=*r

~r

2, If Tallahasgee is not in Florida, then golf balls are not sold in Chicago. Golf balls
are not sold in Chicago. Hence Tallahassee is in Florida,

3 If the cup is Styrofoam, then it is lighter than water. If the cup is lighter than
* water, then Joe can-carry it, Therefore if the cup is Styrofoarn then Joe can casry
it. ’

4, If wagers are raised, buying increages. If there is a depression, wages camot be
raised, Thus if there is a depression, buylng cannot increase,

5. The given triangles are similar, If the given triangles are mutually equiangular,'
then they are similar, Therefore, the triangles are mutually equiangular,




1.

2.

4'

en
4

Solution

8) Valid show truth table [(r —» s)a (p > g)a (r v p)] > (s v )
‘is a tautology

b) Valid show truth table of [( p+(r=>s))A(Tr—>Tp)a p] > 8
. is a tautology, , '

¢) Valid show truth table of [(~#)A(p = ¢)A(g = r)]-—>7r

_i8 a tautology.
d)Invalid p=F gu=TorF r=T

ap =y Invalld p=F g=F  p=Tallahassce..FL
-q : ' g= golf balls sold in
. Chicago
3. p -

P4 Valid show [(p -~ q)a (g~ r)] = (p~ 1)
AT is a tautology , p= cup Styrofoam
PR g= lighter water

= Joe carvies it
rq Invalid p=F, g=T, r=T p=wages raised
LA AU g=buying increased
R Saadl’) 1= depression .
4 Tnvalid pw? g=F p= trlangles similay
g-p i g=trlangles mutually

equiangular




3,

5.

6'

Induction and Recursion
Supplementary Problems

p)

Define the Fibonacci sequence: fyw fy =1, f, =, + f,, for n=2

prove f, «:(%) for nm12,..

Recursively define a, =1, & =2, and 4, =24, ,-a,, for n22
a) Calculate a,,a,,4,,0,
b) Guess a formula for «, (explicitly)

¢) Prove your guess

Recussively define ay =1, @, =2, and o, = a,, +2a,, for n=2
a). Calculzﬁe Chy Gy, Oy Us |
b) Guess a formula for a, (explicitly)
¢) Prove your guess

Recursively define g, =g, ma, =1, a,=a, ,+a,,+a, for n=3
a) Calculate a,,0,,a50,
b) Prove that a, < o for # =12,...

Recursively define by = b =b, =1; b, =b,, +b,, for nz=3

8) Caloulate by,b,,bs,b,
b) Prove that b, = (w/i)m for n&2.

Prove n° = n is divisible by 10 for n EN

Prove 5" 4 2% 3" 41 is divisible by 8 for n & N




1.

2

4!

Solutions

i ‘ 2
Basis cases fj=1< (%) s fam2e (%)

i
Assume f| <(-Z«) for i=12,..,k

- k k-1 kel
Then fyoy = fit fia ‘(%) * (%) - (%) (%4- ) < (

8) ty=3,a8,=4, a,=5, a;=6
b) Guess a, mn+1, nw0,1,2,.,
c) Bagis cases @y, =1 g, =041m1
Gpgg 22 Qo= l+1=2
ASSUME Gy = gy, = 141 for i=0,1,2,.k
T,hen akﬂrjec = zakn'a - ak«lrez: = Zakexp = alkl exp '
w2k ) (k4 Y m k2

- 8) @y =4,a, =8,a,=16,a, = 32

b) Guess a, =2" n=0,1,2,..
¢) Basis cases ay,,, =1=20 =g,
Do ™ 2= 2, = Aoy
ASSUING d,, = dy,,, =2 for i=0,1,2,..k
Then Uy sirec akrec * 2ak~h‘ea = akoxp + zak-loxp

w24 22 W 2F 1 2N 22 % 2 w2 gy

a) @y = 3,0, =5,d5 = 9,0, =17

- b) Basis cases 4, =1=2" ¢, =352°=4

=122
Assumo g, =2" for i=12,.k
Then ay,, = dy + &y + dy_, =25 + 242 4 242
=202+ 241] 5 240(2°) = 2!




6.

7.

Solutions continued

8) by =25y = Kby = g = 6
b) by = («/:’i)o or lz1

b, ('\/5)’»01‘ 2242 I Basis cases
b, z(»ﬁ)z of 322

Assume b, = (\/:2'“)'_2 for i=2,3,.k
Then by, = b, + b, 2 («fi)m + (—\[i )M :
=L ) () ) (2

k (s!n cets)m(ﬁ)a )
=(+2) "

Basiscase n=0 .0°=0=0=10.0

Assume n=k, k°=k isdivisible by 10

Then (k1) = (k+ 1) &% 4 5% +106° 4 10k% 4 Sk 41~ =1
‘ = k* =k + 10(k® + &%) + 5k{K° + 1)

&® = % is divisible by 10 by assumption
10 (k3 + Icz) has a factor of 10
Sk{k® +1) is divisible by 5
If ki even then Sk(k® + 1} is divisible by 10 (Since k divisible by 2)
Ik is odd, & is odd and &* +1 is even,

8o Sk(k’ +1) is divisible by 10 (Sincs £ +1 divisible by 2)
There fore (k+1)° = (k+1) is divisible by 10

Basis case 7 =0 5'+2(3)° 418 is divisible by 8
Assume n=k: S* +2x3%+1 Is divisible by 8
Then 5%*42x 3" 4 1=5(54 423" +1) +34(=10+ 6)- 4
=555 4+2x 3" +1) 4 (34 41)

divisible, by . divisible.by.8
8.by.assutiption




Combinatorics Supplementary Problems

1. How many eight-bit strings begin 11007

2. How many eight-bit strings begin and end with 1?

3. How man)} eight-bit strings have either the second or the fourth bit 1 {or both)?
4, How many eight-bit strings have exactly one 1?

8. How many eighi-bit strings have exactly two 1’s?

6. How maﬁy eight-bit strings have at least one 17

7. How many eight-bit stringS read the same from either end 7 (An example of such an eight-bit -
string is 01111110) ' A

For 8- 11 Consider 5 Computer science books, 3 English books, 2 Arts books.
8, Inhow many ways can these books be arranged on a shelf?

9, In how many ways can these books be arranged on a shelf if all five computer science books
dre on the left and both axt books are on the right?

10. In how many ways can these books be arranged on a shelf if all five compuier science books
are on the left?

11. In how many ways can thesé books be arranged on a shelf if all books of the same discipline
. are grouped together?

For 12 - 14 refer to a club consisting of six men and seven women,
12, Inhow many ways can we select a committee of three men and four women?

- 13, In how many ways can we select a commities of four persons which has at least one
woman? ‘

14. In how many ways can we select a committee of four persons that has at most one man?

15. Give factorial arguments for the 4 combinatorial identities.
a) C(n, 1) = C(n, n-1) b) P(n, 1) = nP(n-1, 1~1)
c¢) C(n, 1) = C(n-1, )+C(n-1, 1-1)
d) Cn,1) xC(r,k) = Cln,k) x Cn-k,rk)




16.

1.
18,
19,
20,

21,
22|
23.

24,

Pind the coefficient of

a) w%z® in the expansion of (2w"’ - 342)?
b) s* in the expansion of (24 5)’

Show that 0= ¥ (~1)'c(n,k)

ku

Show that 3" = ¥ 2%c(n,k)

4=

Use the result from #17 to prove that the number of odd subsets equals the number of even
subgets,

Find the number of (unordered) 13 - cards bridge hands selected from an ordinary 52 —
cards deck,

How many bridge hands are all of the same svit?
How many bridge hands contain exactly iwo suits?
How many bridge hands contain all four aces?

How many bridge hands contain five spades, four hearts, three oluBs, and one diamond?

For 25 - 28 Determine how many sivings can be formed by ordering the letiers ABCDE subject
to the condition given.

25,
26,
217,
28,
29,
30,

K1
32.

A appears before D, (Bxamples: BCAED, BCADE)

A and I are side by side, (Bxample, ADBCE, BCDAE)

The patterns Aﬁ and CD do not appeat.

The patterns AB and BE do not appear.

In how many ways can six persons be seated around a circular table?

In how many ways can six keys be put on a ring? (Turning the ring over does not coum as 8
different arrangement)

In how many ways can five Martians and five Jovians wait in line?

In how many ways can five Martians and five Jovians wait in line if no two Martians stand
together? '




33.

34.

35,

36l

In how many ways can five Martiang and five Jovians be seated at a ciroular table?

In how many ways can five Martians and five Jovians be seated at a circular table if no two
Mattians sit together? .

In how many ways can five Martians and eight Jovians wait in line if no two Martians stand
together?

In how many ways con five Martlans and eight Jovians be seated at a circular table so that
no two Martiang sit together? '

Selutions Combinatqrics

D20 )2 332 HB 5 C(82)=28 6 2°-I

N2 ®I00 9)SIBI2 1)SISL 1B 12) ¢(6,3)C(7,4)

13) C(13,4)-C(6,4) .. 14) ((7.4)+C(7,3)C(6,1)

15)

8 Clnr)mClnn-r) b)  Plnr)mnP(n-l1r-1)
: nl_ nt o n(n-1
Hn-r) (n=-rMn-(n~ r)y m W) ~{r -1)T
nt _

" {n=r)

¢} Clary=Cln=1r) +C(n=1r-1)

n__ (n=1) . (n=1} _(a=D(r-r)+(n-tr (n=lln=r+7)
H{n~r)l r!((n -.1)~ M (r=D(n=r) H(n-r) H(n =)
nin =1} nl

B Aln=r) - #{n -




O Clnr)C(rk) = ClmB)C(n == £)
W (k)
Hn=n " K(r=&) Ki(n=k) " (r~k}(n~r)

16)  a) C(5,3)2%(~3)’ b) C(7,3)245°
17) 'put x=1and y==1 into the binomial theorem

18) Put x=1and y=2 into the binomial theorem

» "

19) 0= Y (=1)'C(nk)=» 0= C(mo)- C(m1)+ C(m2) =....x: C(n,n)
kal
Note: last term is positive if even, negative if odd.

C(m)+ ... +Cnn=1) = C(n,0) +C(m2)..... +C{n,n)
- assuming 1 even,

20, C(52,13) 21) 4C(13,13)=4 22) €(4,2)(C(26,13)-2)
-23) C(48,9) 24) C(13,5) % C(13,4) x C(13,3) x C(13,1)

2.55 512 26) 2 x4l 27) 51-3 28) 5131

29) 51 30) 512 31) 10! 32) P(6,5)s)

33)0! 34) 5141 35 81P(9,5) 36) NP(8,5)




Review-Exam II

1, 'Pl ove by induction that
2 }_3 +i=2_(n+2)_

22 5 > for ne P

a) -

b). L4221 4ot nenle=(p -1 for nelP
¢) (1+x) 214nmx forne P x areal number,x?..—-l

2, How many 4 digit numbers can be formed using the digits 2, 3,5, 6,8,9
‘o) if repetitions are allowed

b) if no repetitions are allowed

¢) if those in (b) ate even numbers

d) if those in (b) are greater than 4000

e) if those in (b) are divisible by 5

3. Consider the set S = {a, o,1, b, ¢, d, f, g, h, m, n, p}

How many 5 lettet words containing 2 different vowels and 3 different
congonants?

a) can be formed?

b) contain the letter "b"?

c) begm wﬂh "al?

4, A committee of k people is to be chosen from a set of 9 women and 5
men, How many ways to form the committee if the commities has

a) 6 people, 3 women and 3 men

b) any numbet of people, but equal numbers of men and women

¢) 6 people and at least 3 are women

d) 6 people including Mr. A (one of the men)

e) 6 people but Mr. & Mrs. A cannot both be on the committes

5. Use the binomial theorem to prove

[C030) et Clr )T = (30 = Y- C21, )

kxb k=0
6. Use a factorial argument to prove Cn+2, #) = Cln+1,p)+Cln+1, r-1)

7. Find the coefficient of x°»" in (35 432




8. Use mathematical induction to prove that the values of the explicit
function” g(n)=3:2"+1 are the same as the function defined recursively

by (0)=6, g()=11, g(n)=3gn-1)~2g(n-2) fornz2.
9. Construct a truth table for (pv ¢) > (-pv—r)

Translate into symbolic language uéing P, ¢, t and determine the validity
.of the following arguments,

10, If T stucly, then I will not fail mathematics. If T do not play basketball,
then I will study. But I failed mathematics. Therefore, I played
basketball,

11, Thetre are 38 different time periods during which classes at a
vniversity can be scheduled. If there are 677 classes, how many different
rooms will be needed?

12, 4 ‘
a) Write the negation of "No oné has lost more than $1000 playing the
lottery", *

b) Write the negation of "Some student has solved all the exercises".

¢) Write the negation oft Vady(P(x) A Q(»)) (Use Do Morgans)




golutions for Review Exam II

1. 03 1
n=1 ez e
l.ka) TR |
{ .
Assume =kl =t +§k7m2-.(k;2)
1 ko k+1 k+2) kel
o e "”"2“7:"*“”57:""”2"7( 21:) Pz
~2k+2)+k+1
=2+ ( zkzl
(k+’3)
- 2k+l
r=l 11l=2-1=1
Agsume . p, . & LAt ok (e )11
LAl ook e de bk (o D) o+ DU = (b D=1 (b + D)+ 1)1
= (k+ )11+ + 1))~ 1
s (k+ DIk +2)~1
= (b +2)1=1
c) n=l A+x) 21+x
Assome n=1l: ) 2Tk

(4 x)* = (1 ) (L) 2 (U3 he)(L+ %) =14 ko o ox? A
= (14 (b 4 D + ke o 1+ (k+1)x

sinee Ax 20
. 6l
206" by PEH=Z=360 o 3p6y=3S

d) 4+ PG5, 3).~f‘4-if~l e 1-P(5,3)

3. a) C(3,2)C(9,3)-51  b) C(3,2)C(8,2):51 ¢) C(2,1)C(9,3)-41




4. 8) C(9,3)C(5,3)
| by CODCE, D) +CO, 2)C(5,2)+ C9,3)C(5,3) + CO,4)C(5,4) + C(9,5)C(5, 5)

0) C(9,3)C(5,3) + C(9,4)C(52)+ C(9,5)C(5,1) + C(5,6)

d) €(13,5)
&) C12;5)+ C(12,5)+ C(12,6) = C(14,6) - C(12,4)
Mr. A ony Mrs. A on both off - both
Mrs, Aoff Mr. A off Mr. & Mrs. A on

I3 ) 2n
s, (1) =D Cn, k) A+ =Y C(2n,k)
k=0 k=0
by plugging into binomial theoremn x = y=1 (and 2» > » in second case)
But, 0 2 ‘ .
‘ L+ = [(1+D)"P = ( 2 C(n, k)) = (C(1,0) + 1o + C(n,n))*

k=0

. (n+2)!' _ (n+D) + (n+1) (DA 2= )+ (D

An+2=-m) 1=l (r=Di+2-01 rln2-r)l

" least comimon denominator
L DI+2)  (m2)!
ri(n+2-r)  ri(p+2~r!

7. C(8,3) 3*(~4)’

8 Bagis cases n=0,1 80, =6 g(0),,=52"+1=6
D=1 g, =52 +1=11
Assume €D, = 8Dy =5-2'+1 for i=0,1,2.00k

gDy =38 (D0 =280 =Dy = 38(0) =28 (k-1

by assumption '
=3(52" +1)~2(52 +1)=15.2" +3-5.2¢ =2
=10:2" +1=5.2" +1=g(k +1),,




9. 10.

plaglr |(ve)=(-pv-r) plalr | p=—=g)Ar—=p)ag)-sr
TT|T ' F TIT|T T
T|T|F T T|T|F T
TIF|T F ) T|F|T T
TIE|E T T{F|F T
F|IT|T T FIT|T T
F|T|F T FIT|F T
FIF|T T FI|F|T T
FIF|F T FIF|F T

- Therefore, argument ig valid.

1. ﬁZZ =18
38

12. a) Someone has lost more than $1000 playing the 1ottei‘y.

b) All students have not solved all the exercises. -

0) By (=P(x)V Q)




Graph Theory Supplement Problems
1. How many vertices will the following graphs have if they contain (may be
pseudographs)
a) 16 edgeé and all vertices of degree 2
b) 21 edges, 3 vertices of degree 4 and the other vertices of degtee 3

¢) 24 edges and all vertices of tﬂe same degree

2. defermine if the graph exists, If' so, draw a representation.
a) 6 vertices each of degree 3 | .
b) 5 vertices each of degree 3
¢) 4 vertices each of degreo 1
d) 6 vertices, 4 edges
¢) 4 edges; 4 vertices having degrees 1,2,3,4

f) 4 vertices having degreés 1,2,3,4

3. Given the following digraph
- 4y
a) Compute the adjacency matrix A / ‘;\"7

b) Compute the adjacency matrix A

0
4. Compute a digraph corresponding to the adjacency matrix A =|1
’ 1

[ o
[ B O

Compute A?




Solutions
L 0)2n=2(16) = n =16 -
b) 3(d) 4 K(3)=2(2l) = k=10 k+ 31 (total)
| o) n=fvertices lo= degree of vertex  nx e =24(2) = 48

Different possibilities : , ,
" pm] ked8; n=2 kw2d; n=3 kulb; n=4 k=12
ned k=8 nu8 k=6, nwl2 k=4; nw=ib k3
n=24 kw2 nwdf kel

b) No graph:  odd number of odd degsee vertice

C)  Uhempiromyi Ao d A4 i £ 8) No l‘ii h 4{2)=8
) ) ) J f; ) 'gl+};+3(+)4=a10

" O3

o
i
B
o s
i R )
baad et Jem




O

% Pl

iathe adfacenoymatiin A% ne

1
“

A A

|‘ N
.

Whing g g {59

s pbsitlon mean?




Solutions — even numbered problems

PG4 4. Multigraph 6 Multigraph 8, Directed mulligraph

r664 2. V| =5, |E|=13; deg(a) = 6, deg(b) = 6, deg(c) =6, deg(d) =5, deg(e) =3, no
isolated or pendant points

8. V)= 4, |E|=8, dog"(a) =2, deg"(b) =3, deg’(c)=2, dog™(d)=1, deg*(a)=2,
deg’(b) = 4, deg'{c) =1, dog*(d)=1.

r674 6. 8.
01010 01010
100 11 10111

A=l0 0 0 1 1 01100
11100 1000 1
01100 00101

14, 20,

030 1 111 1
3010 0101
010 3 1010
1030 1111

PE78
35, Isomorphic ) v, 1y —PVy,ly “*Vy Uy =V, ls =3V,
(st} = {vy,vs J{utpits, ) = {”a»vs} {upoi} {Va""z}
{?‘4’“5} = {voveh{ugm} = {ve, A
or show adjacency matrices same, reordering vestices in second graph.

36. Not isomorphic. The second graph has a verlex of degree 4, whereas the first
graph does not.

37. 150MOIPHIC ty > Vyyty = Vaylhy = Vaylty =Vl =V lls = Vaylly = V.
{th,m} = {v,v,} etc. show image of every edge is an edge, or show
adjacency matrices same.

41, Not isomorphic. In the first graph the vertices of degree 3 are adjacent to8
common vertex, This is not the case in the second graph,

42, Not isomorphic. Vertices of degtee 4 are adjacent in first graph. Not so in

second graph. l




13774 |

' 61, TsomOtphic i) ~» Va, ity ~+ Vy,lly = Vy,lty ~> V)
(tao) > (v, Vo (ttgrthy) = (Varva h(mst45) = (varva)
(tt3018) > (Vaivs J sty ) = (Vasvah(pstha) = (vas¥1)
(s144) = (v4v;) o1 show adjacency matrices same

62, Not isomotphic
deg () =0, deg* (1) = 2. Under isomorphism,
u, > v, (only vertex with same in ont degree structure).
But #, Is adjacent to two vertices with indegres 1, And v, is adjacent to
two vertices, one with indegree 1, and another of indegree 2.

63. Tsomorphic u, = v,y = Vi iy => V4 Uiy ~*V,
(143 ) = (Va4 (s ) = (V095 ) (thshs) = (V)
(tastg) = (Vat*vz>’(u4’”g) = (Vi ) (thsthy) = (Var¥
or show adjacency mairices are the same,
p}'{az 2oadghifcebefhedba (circuit)
" 4 fabceadbfede
6bede fdgidahiable
14, Has Buler path (has exactly 2 odd vertices)

. d,:,dnk"nwk‘,.\l

PRS-

p732 4 2 6.3 8 3

{798 10.db fegac
24, ) 32 b) 40 ¢ 32




Review Bxam I

-1 A graph with 21 edges has 7 vertices of degree 1, 3 of degree 2, 7 of degree 3 and he
rest of degree 4, How marny vertices in graph? ' .

2. Can the following degree structure occur in a simple graph? If so, draw a
represéntation, If not, explain,
a) 1 vertox degree 0, 1vertex degreel, 3 vertices degree 3, 1 vertex degree 4

b) 2 vertices degtes 2, 2 vertices degree 3, 1 vertex degree 4

3 A ireeé has 3 vertices degree?, 2 vertices degree 3, and lvertox degree 4. If the remaining
“vertices have degree 1, how many vertices in the tree?

4. Prove that the sum of degrees of the vertices in the tree with n vertices is 2n~2

5.

6.




T, Give a representation of the following digraph given its
adjacency matrix: .

\,

Aw

—_ o
Ea i S e S S

0
1
1
0

o B

Is the digraph strongly connected, weakly connected or not conneoted?

8. Find the number of paths of length 2 between vertex 3 and vertex 4 using matrices:

90

2) Decide if each graph hag an Buler path, If so, indicate the path, If not explain.
b) Draw a planay representation of each graph, if possible
¢) Determine the chromatic number of each graph

10. a) Represent the following logical expression as a tree and rewrite in polish prefix
notation: :

((pva)v(-pv(anr)

b) Represent the following postfix notation as a tree and write in standard notation,
ParvITAgrva

11, Find three subgraphs that are trees using ail the vertices.




12,  Show the sequential orders in which the vértices of the tree are visited n -

a) Preorder traversal

‘b)_ Inorder traversal A b
' /’:
¢) Postorder Traversal /\ J P
’ L\ GI ' V
L
Solution -

L 42=7(1)+3(2)+7(3)+n(4) where nw nuimber of vertices degres 4
2 vertices degree 4, 19 vertices in graph '

b)

3, 3(2)+2(3) +1(8)+ n(1) =2 (V| ~1) = 2((6 4 n) - 1) = 10+ 2
whete 7 = number of vertices of degtee 1, # = 6, 12 vertices in graph

a. . deg(v,) = 2| = 2(|V|~1)=2{n~1) =211
kel

5.  a) Isomorphic ~ b) Non isomorphic
2K,'s in], noK, inll

a-c  {ac}—{c\d}
bvg  {eg)—{d\e}

¢c—»d etc.

d-»a check all 9 edges
e~ b ’

f=r

g—¢




0 o b)
1 .
!

2 - o
o

. 7' ‘: AMW' ; f-; I;l, l .
T /f/ T weakly connected  (Path from) to 2 but none from 2 to'3)
o it A : . ’

8. ,
(0 0 0 1 1) {2 2 1 0 0
001 11 23101
4=/0 1 0 0 1 A=l 12 ()1
111000 001 22
g 110 0 0 11 2 3 ,
: There is one path between’
3 and 4 of length2
- 9. {)None ' Wycdefabceeadbf iil)bedefgabdfbgd
Too many odd degree . ,
Vertices
- £) Non planar
&)
) 2 " i) 3 i) 4
10. 2 wf’xK/
/\( " _ﬁ:‘}'/ \e{\ VIV pgvTp ngr
P [ SN\




moA AN
- 7N T (patlav)aavn)

8,

4 I“‘ j’ ‘ J{ (there are many
. l’;,. h-.«u@ézw‘ ~ OﬁlefS)

1n, L
- ety f

t’,‘;';,- \»—-A%rwzkv—,n» 3

12, abdhiejkce fg
hdibjekafeg
hidjkebfgea




| Boolean Algebras
L Show that any Boolean algebra, forall ¢,b& B
A If asb=q then a+bmb
by avbwbthen T4b=1
O)IfG+b=1then ash w0
AIf aob=0then acb=a
2, Find the sum of products form for each of the follo&ing Boolean functions and
_ usea Kasnaugh map to find an equivalent minitnal sum of products form.
8) flayg)=may (x4 y)E+y
b) flxpz)=(x+y+E)(EF+y+7)

o) F{x,p,2,w) = YEw + XEW + XYW + x5 2W

‘Solutions to even numbered problemsi

pya7
2)% 4) (zﬁyiz)(i‘,‘.y.*‘z) _ )
; suig s e
poe
6) ) f(xya)=xyzt Fyz i

f(x.y,z,) - y;




b) f(x,)’,z,)"xyi“*xy"i-*k‘yiﬂfj"z

f(xayszs) =Z

Z~¥>o0=b ¥

x rssisnomo! (IR

Yoo,

B " ,' 3 ‘\
2 " w4
‘phs .
Y '>,ﬁ.,wn FrIn i.,.:-:
i

L} Agmwmuat

W

12. a) Xz
b) y

C) XZ+ Yz + ¥z
or .
XZ + Xy + ¥z

d) yz+XZ4 ¥
or
X2+ Xy+ V2




Solution Supplement Problems

Q) a *b - ab+-b (Assumptiony= a*b+1¢b (Identity)= (a+1)* b (distributive)
-] 'b(tlzeorem a+le 1) = b(identz‘ty)

) B+ bedw(a+b) (Assumption) =(i+a)+b (Associative)
L+ b{complement) =1 (theorem a+1=1)

0) a*b=(avb)el = (Identity)=(a*b)(@+b) (Assumption)
: «(as&)eb+a* (5 *b) (Distributive, Commutative, Associative)
=0b +a°0 (complement) .
«0+0 (theorem a*0w=0)
0 (Identity)

d} asb=a*b+0 (Identity)=a® b+ asb (Assumption)
w alb+b) (Distributive) = o{1) (complement )= a (Identity)

Fxyz) = y+az

e

b) f6,9,2) = %V T4 2§+ Fyz + xyg+ Fy7 + 198
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FOry.2w) = X7+ yew







